Unsupervised Discrimination of Clustered Data

via Optimization of Binary Information Gain �

Nicol N. Schraudolph Computer Science & Engr. Dept. University of California, San Diego

La Jolla, CA 92093�0114

nici@cs.ucsd.edu

Terrence J. Sejnowski Computational Neurobiology Laboratory The Salk Institute for Biological Studies San Diego, CA 92186-5800 tsejnowski@ucsd.edu

Abstract

We present the information-theoretic derivation of a learning algorithm that clusters unlabelled data with linear discriminants. In contrast to methods that try to preserve information about the input patterns, we maximize the information gained from observing the output of robust binary discriminators implemented with sigmoid nodes. We derive a local weight adaptation rule via gradient ascent in this objective, demonstrate its dynamics on some simple data sets, relate our approach to previous work and suggest directions in which it may be extended.

1 INTRODUCTION

Unsupervised learning algorithms may perform useful preprocessing functions by preserving some aspects of their input while discarding others. This can be quanti�ed as maximization of the information the network’s output carries about those aspects of the input that are deemed important.

(Linsker, 1988) suggests maximal preservation of informationabout all aspects of the input. This Infomax principle provides for optimal reconstruction of the input in the face of noise and resource limitations. The I-max algorithm (Becker and Hinton, 1992), by contrast, focusses on coherent aspects of the input, which are extracted by maximizing the mutual information between networks looking at different patches of input.

Our work aims at recoding clustered data with adaptive discriminants that selectively emphasize gaps between clusters while collapsing patterns within a cluster onto near-

�Reprinted from S.J. Hanson, J.D. Cowan, and C.L. Giles, editors (1993), Advances in Neural

Information Processing Systems, volume 5, pages 499�506. Morgan Kaufmann, San Mateo.

identical output representations. We achieve this by maximizing information gain � the information gained through observation of the network’s outputs under a probabilistic interpretation.

2 STRATEGY

Consider a node that performs a weighted summation on its inputs ⃗x and squashes the resulting net input y through a sigmoid function f. z = f(y), where f(y) = 1 1 + e�^{y and} y = ⃗w · ⃗x . (1) Such a sigmoid node can be regarded as a Ψsoft˚ discriminant: with a large enough weight vector, the output will essentially be binary, but smaller weights allow for the expression of varying degrees of conffdence in the discrimination. To make this notion more precise, consider y a random variable with bimodal distribution namely an even mixture of two Gaussian distributions▷ Then if their means equal ± ⟨⊣↕{ ⊔⟨⌉⟩∇ ⊑⊣∇⟩⊣\⌋⌉⇔ z is the posterior probability for discriminating between the two source distributions ↼Anderson 1972↽▷ This probabilitstic interpretation of z can be used to design a learning algorithm that seeks such bimodal projections of the input data▷ In particular we search for highly informa tive discriminants by maximizing the information gained about the binary discrimination through observation of z▷ This binary information gain is given by ΔH(z) = H(ẑ) − H(z), (2) where H(z) is the entropy of z under the above interpretation and ẑ is an estimate of z based on prior knowledge▷ 3 RESULTS 3▷1 THE ALGORITHM In the Appendix we present the derivation of a learning algorithm that maximizes binary information gain by gradient ascent▷ The resulting weight update rule is Δ ⃗w ∝ f0(y) ⃗x (y − ŷ), (3) where ŷ the estimated net input must meet certain conditions^1 (see Appendix). The weight change dictated by (3) is thus proportional to the product of three factors: • ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ≀{ ⊔⟨⌉ ∫⟩}⇕≀⟩⌈ ∫∐⊓⊣∫⟨⟩\} {⊓\⌋⊔⟩≀\⇔ • ⊔⟨⌉ √∇⌉∫†\⊣√⊔⟩⌋ ⟩\√⊓⊔ ⃗x and • ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊣⌋⊔⊓⊣↕ ⊣\⌈ ⊣\⊔⟩⌋⟩√⊣⊔⌉⌈ \⌉⊔ ⟩\√⊓⊔↙ 1In what follows, we have successfully used estimators that merely approximate these conditions.

Δy = @@y ΔH(z)

y Figure 1. Phase plot of Δy against net input y for ŷ = {−3, −2, . . .3}↙ S⌉⌉ ⊔⌉§⊔ {≀∇ ⌈⌉⊔⊣⟩↕∫↙

∋↙∈ SINGLE NODE DYNAMICS

F≀∇ ⊣ ∫⟩\}↕⌉⇔ ⟩∫≀↕⊣⊔⌉⌈ \≀⌈⌉⇔ ⊒⌉ ⊓∫⌉ ⟨y⟩⇔ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉ \⌉⊔ ⟩\√⊓⊔ ≀⊑⌉∇ ⊣ ⌊⊣⊔⌋⟨ ≀{ ⟩\√⊓⊔ √⊣⊔⊔⌉∇\∫⇔ ⊣∫ ⌉∫⊔⟩⇕⊣⊔≀∇ {≀∇ y▷ The behavior of our algorithm in this setting is best understood from a phase plot as shown in Figure 1 where the change in net input resulting from a weight change according to ↼3↽ is graphed against the net input that causes this weight change▷ Curves are plotted for seven different values of ŷ▷ The central curve ↼ŷ = 0) is identical to that of the straightforward Hebb rule for sigmoid nodes: both positive and negative net inputs are equally ampliffed until they reach saturation. For non-zero values of ŷ however the curves become asymmetric. positive ŷ favor negative changes Δy and vice versa▷ For ŷ = ⟨y⟩⇔ ⟩⊔ ⟩∫ ⌉⊣∫† ⊔≀ ∫⌉⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⊒⟩↕↕ ⟨⊣⊑⌉ ⊔⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⌋⌉\⊔⌉∇⟩\} \⌉⊔ ⟩\√⊓⊔∫ ⊣∇≀⊓\⌈ ‡⌉∇≀↙ T⟨⌉ \≀⌈⌉ ⊒⟩↕↕ ⊔⟨⌉∇⌉{≀∇⌉ ⌋≀\⊑⌉∇}⌉ ⊔≀ ⊣ ∫⊔⊣⊔⌉ ⊒⟨⌉∇⌉ ⟩⊔∫ ≀⊓⊔√⊓⊔ ⟩∫ ≀\⌉ {≀∇ ⟨⊣↕{ ≀{ ⊔⟨⌉ ⟩\√⊓⊔ √⊣⊔⊔⌉∇\∫⇔ ⊣\⌈ ‡⌉∇≀ {≀∇ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣↕{↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⌋⊣\ ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ ⌊† ⊣\† ∫⊓{⊘⌋⟩⌉\⊔↕† ↕⊣∇}⌉ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇⇔ ∇⌉}⊣∇⌈↕⌉∫∫ ≀{ ⟩⊔∫ ⌈⟩∇⌉⌋⊔⟩≀\→ H≀⊒⌉⊑⌉∇⇔ ∫⟩\⌋⌉ ∫⟩⇕√↕⌉ }∇⊣⌈⟩⌉\⊔ ⊣∫⌋⌉\⊔ ⟩∫ ⌊≀⊔⟨ }∇⌉⌉⌈† ⊣\⌈ ↕≀⌋⊣↕ ⟩\ ⊒⌉⟩}⟨⊔ ∫√⊣⌋⌉⇔ ∫⊔⊣∇⊔⟩\} ⟩⊔ {∇≀⇕ ∫⇕⊣↕↕ ∇⊣\⌈≀⇕ ⟩\⟩⊔⟩⊣↕ ⊒⌉⟩}⟨⊔∫ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊣ ⌊⟩⊣∫ ⊔≀⊒⊣∇⌈∫ ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ⇕⊣⌈⌉ ⌋≀\⊘⌈⌉\⊔↕† ⊒⟩⊔⟨ ∫⇕⊣↕↕⌉∇ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇∫↙ T≀ ⟩↕↕⊓∫⊔∇⊣⊔⌉ ⊔⟨⟩∫ ⌉{{⌉⌋⊔⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⌉∫⊔⌉⌈ ⊣ ∫⟩\}↕⌉ \≀⌈⌉ ∇⊓\\⟩\} ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ≀\ ⊣ ∫⌉⊔ ≀{ ⊑≀⊒⌉↕ {≀∇⇕⊣\⊔ {∇⌉∐⊓⌉\⌋† ⌈⊣⊔⊣ ⌈⊓⌉ ⊔≀ ⇐P⌉⊔⌉∇∫≀\ ⊣\⌈ B⊣∇\⌉†⇔ ∞∃▽∈⇒↙ T⟨⌉ ⇕≀∫⊔ √∇≀⇕⟩\⌉\⊔ {⌉⊣⊔⊓∇⌉ ≀{ ⊔⟨⟩∫ ⌈⊣⊔⊣ ⟩∫ ⊣ ⌋⌉\⊔∇⊣↕ }⊣√ ⊔⟨⊣⊔ ∫⌉√⊣∇⊣⊔⌉∫ {∇≀\⊔ {∇≀⇕ ⌊⊣⌋‖ ⊑≀⊒⌉↕∫∅ ⟨≀⊒⌉⊑⌉∇⇔ ⊔⟨⟩∫ {⌉⊣⊔⊓∇⌉ ⟩∫ \⌉⊣∇↖≀∇⊔⟨≀}≀\⊣↕ ⊔≀ ⊔⟨⌉ √∇⟩\⌋⟩√⊣↕ ⌋≀⇕√≀\⌉\⊔ ≀{ ⊔⟨⌉ ⌈⊣⊔⊣ ⊣\⌈ ⊔⟨⊓∫ ⌉∫⌋⊣√⌉∫ ⌈⌉⊔⌉⌋⊔⟩≀\ ⌊† ∫⊔⊣\⌈⊣∇⌈ H⌉⌊⌊⟩⊣\ ↕⌉⊣∇\⟩\} ∇⊓↕⌉∫↙ F⟩}⊓∇⌉ ∈ ∫⟨≀⊒∫ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕⇔ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ⊣\⌈ ⊘\⊣↕ √⟨⊣∫⌉ ≀{ ⊔⟨⟩∫ ⌉§√⌉∇⟩⇕⌉\⊔⇔ ⊓∫⟩\} ⊣ ⊑⟩∫⊓↖ ⊣↕⟩‡⊣⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉ ∫⊓}}⌉∫⊔⌉⌈ ⌊† ⇐M⊓\∇≀⇔ ∞∃∃∈⇒↙ E⊣⌋⟨ √↕≀⊔ ∫⟨≀⊒∫ ⊔⟨⌉ √∇⌉↖⟩⇕⊣}⌉ ≀{ ‡⌉∇≀ \⌉⊔ ⟩\√⊓⊔ ∫⊓√⌉∇⟩⇕√≀∫⌉⌈ ≀\ ⊣ ∫⌋⊣⊔⊔⌉∇ √↕≀⊔ ≀{ ⊔⟨⌉ ⌈⊣⊔⊣ ∫⌉⊔ ⟩\ ⟩\√⊓⊔ ∫√⊣⌋⌉↙ T⟨⌉ ⊔⊒≀ ⊙⊣\‖⟩\} ↕⟩\⌉∫ ⌈⌉↕⟩\⌉⊣⊔⌉ ⊔⟨⌉ ⊖⊣⌋⊔⟩⊑⌉ ∇⌉}⟩≀\⪰ ⊒⟨⌉∇⌉ ⊔⟨⌉ ∫⟩}⇕≀⟩⌈ ⟩∫ \≀⊔ ∫⊣⊔⊓∇⊣⊔⌉⌈⇔ ⊣\⌈ ⊔⟨⊓∫ √∇≀⊑⟩⌈⌉ ⊣\ ⟩\⌈⟩⌋⊣⊔⟩≀\ ≀{ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇ ∫⟩‡⌉↙ A∫ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⟩\ ⊔⟨⟩∫ ⊘}⊓∇⌉⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⌋⊣√⊣⌊↕⌉ ≀{ √∇≀⌋⌉⌉⌈⟩\} ∫⇕≀≀⊔⟨↕† {∇≀⇕ ⊣ ∫⇕⊣↕↕ ⟩\⟩⊔⟩⊣↕ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇ ⊔⟨⊣⊔ ∇⌉∫√≀\⌈∫ ⟩\ √∇⟩\⌋⟩√⊣↕ ⌋≀⇕√≀\⌉\⊔ ⌈⟩∇⌉⌋⊔⟩≀\ ⊔≀ ⊣ ∫≀↕⊓⊔⟩≀\ ⊒⟨⟩⌋⟨ ⊓∫⌉∫ ⊣ ↕⊣∇}⌉ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇ ⟩\ \⌉⊣∇↖≀∇⊔⟨≀}≀\⊣↕ ⌈⟩∇⌉⌋⊔⟩≀\ ⊔≀ ∫⊓⌋⌋⌉∫∫{⊓↕↕† ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊔⊒≀ ⌈⊣⊔⊣ ⌋↕⊓∫⊔⌉∇∫↙

∋

→

→

F⟩}⊓∇⌉ ∈¬ S⟩\}↕⌉ \≀⌈⌉ ⌈⟩∫⌋≀⊑⌉∇∫ ⌈⟩∫⊔⟩\⌋⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ {∇≀\⊔ ⊣\⌈ ⌊⊣⌋‖ ⊑≀⊒⌉↕∫ ⟩\ ⊓\↕⊣⌊⌉↕↕⌉⌈ ⌈⊣⊔⊣ ∫⌉⊔ ≀{ ∞▽∞△ ⇕⊓↕⊔⟩↖∫√⌉⊣‖⌉∇ ⊑≀⊒⌉↕ ⊓⊔⊔⌉∇⊣\⌋⌉∫ ⇐P⌉⊔⌉∇∫≀\ ⊣\⌈ B⊣∇\⌉†⇔ ∞∃▽∈⇒↙ S⊓√⌉∇⟩⇕√≀∫⌉⌈ ≀\ ⊣ ∫⌋⊣⊔⊔⌉∇ √↕≀⊔ ≀{ ⊔⟨⌉ ⌈⊣⊔⊣ ⊣∇⌉ ⊔⟨⌉ √∇⌉↖⟩⇕⊣}⌉∫ ≀{ y = 0 (solid center line) and y = ±1.31696 (fianking lines) in input space. Discovered feature is far from principal component direction.

3.3 EXTENSION TO A LAYER OF NODES

A learning algorithm for a single sigmoid node has of course only limited utility. When extending it to a layer of such nodes, some form of lateral interaction is needed to ensure that each node makes a different binary discrimination. The common technique of introducing lateral competition for activity or weight changes would achieve this only at the cost of severely distorting the behavior of our algorithm.

Fortunately our framework is fiexible enough to accommodate lateral differentiation in a less intrusive manner: by picking an estimator that uses the activity of every other node in the layer to make its prediction, we force each node to maximize its information gain with respect to the entire layer. To demonstrate this technique we use the linear second-order estimator ŷ_i = ⟨y_i⟩ + ∑ j6=i^{(yj − ⟨yj ⟩) ϱij (4)} to predict the net input y_i of the i^{th} node in the layer where the ⟨·⟩ ≀√⌉∇⊣⊔≀∇ ⌈⌉\≀⊔⌉∫ ⊣⊑⌉∇⊣}⟩\} ≀⊑⌉∇ ⊣ ⌊⊣⊔⌋⟨ ≀{ ⟩\√⊓⊔ √⊣⊔⊔⌉∇\∫⇔ ⊣\⌈ ϱ_{ij} is the empirical correlation coefαcient

ϱ_{ij} = ⟨(y_i − ⟨y_i⟩)(y_j − ⟨y_j⟩)⟩ √ ⟨(y_i − ⟨y_i⟩)^2⟩ ⟨(y_j − ⟨y_j ⟩)^2⟩ . (5)

Figure 3 shows a layer of three such nodes adapting to a mixture of three Gaussian distributions, with each node initially picking a different Gaussian to separate from the other two. After some time, all three discriminants rotate in concert so as to further maximize information gain by splitting the input data evenly. Note that throughout this process, the nodes always remain well-differentiated from each other.

For most initial conditions, however, the course of this experiment is that depicted in Figure 4: two nodes discover a more efffcient way to discriminate between the three input clusters, to the detriment of the third. The latecomer repeatedly tries to settle into one of the gaps in the data, but this would result in a high degree of predictability. Thus the node with the shortest weight vector and hence most volatile discriminant is weakened further, its weight vector all but eliminated in an effective demonstration of Occam’s razor.

4

→

→

F⟩}⊓∇⌉ ∋¬ L⊣†⌉∇ ≀{ ⊔⟨∇⌉⌉ \≀⌈⌉∫ ⊣⌈⊣√⊔∫ ⊔≀ ⊣ ⇕⟩§⊔⊓∇⌉ ≀{ ⊔⟨∇⌉⌉ G⊣⊓∫∫⟩⊣\ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫↙ I\ ⊔⟨⌉ ⊘\⊣↕ ∫⊔⊣⊔⌉⇔ ⌉⊣⌋⟨ \≀⌈⌉ ∫√↕⟩⊔∫ ⊔⟨⌉ ⟩\√⊓⊔ ⌈⊣⊔⊣ ⌉⊑⌉\↕†↙

→

→

F⟩}⊓∇⌉ △¬ M≀∫⊔ ⟩\⟩⊔⟩⊣↕ ⌋≀\⌈⟩⊔⟩≀\∫⇔ ⟨≀⊒⌉⊑⌉∇⇔ ↕⌉⊣⌈ ⊔≀ ⊣ ⇕⟩\⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ ⟩\⊑≀↕⊑⟩\} ≀\↕† ⊔⊒≀ \≀⌈⌉∫↙ T⟨⌉ ⊒⌉⊣‖⌉∫⊔ \≀⌈⌉ ⟩∫ ⊖⌋∇≀⊒⌈⌉⌈ ≀⊓⊔⪰ ⌊† O⌋⌋⊣⇕≃∫ ∇⊣‡≀∇⇔ ⟩⊔∫ ⊒⌉⟩}⟨⊔ ⊑⌉⌋⊔≀∇ ∇⌉⌈⊓⌋⌉⌈ ⊔≀ \⌉⊣∇↖‡⌉∇≀ ↕⌉\}⊔⟨↙

△ DISCUSSION △↙∞ RELATED WORK B† ⇕⊣§⟩⇕⟩‡⟩\} ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ≀{ ⊣⌋⊔⊓⊣↕ {∇≀⇕ ⊣\⊔⟩⌋⟩√⊣⊔⌉⌈ ∇⌉∫√≀\∫⌉⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⇕⊣‖⌉∫ ⌊⟩\⊣∇† ⌈⟩∫⌋∇⟩⇕⟩\⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊣∇⌉ ⟨⟩}⟨↕† ⟩\{≀∇⇕⊣⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⌋↕⊓∫⊔⌉∇∫ ⟩\ ⊔⟨⌉ ⟩\√⊓⊔↙ T⟨⌉ ⊒⌉⟩}⟨⊔ ⌋⟨⊣\}⌉ ⟩\ √∇≀√≀∇⊔⟩≀\ ⊔≀ ⊣ ⌈⟩{{⌉∇⌉\⌋⌉ ⟩\ ⊣⌋⊔⟩⊑⟩⊔† ⟩∫ ∇⌉⇕⟩\⟩∫⌋⌉\⊔ ≀{ ⊔⟨⌉ ⌋≀⊑⊣∇⟩⊣\⌋⌉ ∇⊓↕⌉ ⇐S⌉|\≀⊒∫‖⟩⇔ ∞∃⇒ ⌊⊓⊔ }⌉\⌉∇⊣↕⟩‡⌉∫ ⟩⊔ ⟩\ ⊔⊒≀ ⟩⇕√≀∇⊔⊣\⊔ ∇⌉∫√⌉⌋⊔∫¬ • ⟩⊔ ⌉§√↕⟩⌋⟩⊔↕† ⟩\⌋≀∇√≀∇⊣⊔⌉∫ ⊣ ∫⟩}⇕≀⟩⌈ \≀\↕⟩\⌉⊣∇⟩⊔†⇔ ⊣\⌈ • ŷ need not necessarily be the average net input▷ Both of these are critical improvements. the αrst allows the node to respond only to inputs in its nonsaturated region and hence to learn local features in projections other than along the principal component direction▷ The second provides a convenient mechanism for extending the algorithm by incorporating additional information in the estimator▷ We share the goal of seeking highly informative bimodal projections of the input with the BienenstockCooperMunro ↼BCM↽ algorithm ↼Bienenstock et al▷ 1982, Intrator 1992↽▷ A critical difference however is that BCM uses a complex asymmetric nonlinearity that increases the selectivity of nodes and hence produces a localized 1ofn recoding of the input whereas our algorithm makes symmetric robust and independent binary discriminations▷

5

4▷2 FUTURE DIRECTIONS Since the learning algorithm described here has demonstrated βexibility and efαciency in our initial experiments we plan to scale it up to address highdimensional realworld problems▷ The algorithm itself is likely to be further extended and improved as its applications grow more demanding▷ For instance although the size of the weight vector represents commitment to a discriminant in our framework it is not explicitly controlled▷ The dynamics of weight adaptation happen to implement a reasonable bias in this case but further reαnements may be possible▷ Other priors implicit in our approach � such as the preference for splitting the data evenly � could be similarly relaxed or modiαed▷ Another attractive generalization of this learning rule would be to implement nonlinear discriminants by backpropagating weight derivatives through hidden units▷ The dynamic stability of our algorithm is a signiαcant asset for its expansion into an efαcient unsupervised multilayer network▷ In such a network linear estimators are no longer sufαcient to fully remove redundancy be tween nodes▷ In his closely related predictability minimization architecture ↼Schmidhuber 1992↽ uses backpropagation networks as nonlinear estimators for this purpose with some success▷ Since the notion of estimator in our framework is completely general it may combine evidence from multiple disparate sources▷ Thus a network running our algorithm can be trained to complement a heterogeneous mix of pattern recognition methods by maxi mizing information gain relative to an estimator that utilizes all such available sources of information▷ This βexibility should greatly aid the integration of binary information gain optimization into existing techniques▷ APPENDIX. MATHEMATICAL DERIVATION We derive a straightforward batch learning algorithm that performs gradient ascent in the binary information gain objective▷ Online approximations may be obtained by using exponential traces in place of the batch averages denoted by the ⟨·⟩ ≀√⌉∇⊣⊔≀∇↙ CONDITIONS ON THE ESTIMATOR T≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊔⌉∇⇕ {∇≀⇕ ⇐∞∞⌈⇒ ⌊⌉↕≀⊒ ⊒⌉ ∇⌉∐⊓⟩∇⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔≀∇ ẑ be • ⊓\⌊⟩⊣∫⌉⌈¬ ⟨ẑ⟩ = ⟨z⟩⇔ ⊣\⌈ • ⟨≀\⌉∫⊔¬^∂_{∂z} ẑ =^∂_{∂z} ⟨ẑ⟩ ↙ T⟨⌉ ⟨≀\⌉∫⊔† ⌋≀\⌈⟩⊔⟩≀\ ⌉\∫⊓∇⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔≀∇ ⟨⊣∫ ⊣⌋⌋⌉∫∫ ⊔≀ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉⌈ ⊑⊣∇⟩⊣⌊↕⌉ ≀\↕† ≀\ ⊔⟨⌉ ∫↕≀⊒ ⊔⟩⇕⌉∫⌋⊣↕⌉ ≀{ ⌊⊣⊔⌋⟨ ⊣⊑⌉∇⊣}⟩\}⇔ ⊔⟨⊓∫ ⌉↕⟩⇕⟩\⊣⊔⟩\} ⊔∇⟩⊑⟩⊣↕ ⊖∫≀↕⊓⊔⟩≀\∫⪰ ∫⊓⌋⟨ ⊣∫ ẑ = z▷ For an unbiased and honest estimator ∂ẑ ∂z = ∂ ∂z ⟨ẑ⟩ = ∂ ∂z ⟨z⟩ = ⟨ ∂z ∂z ⟩ = 1 . (6)

BINARY ENTROPY AND ITS DERIVATIVE

The entropy of a binary random variable X as a function of z = P r(X = 1) is given by

H(z) = − z log z − (1 − z) log(1 − z) ; (7)

its derivative with respect to z is ∂ ∂z H(z) = log(1 − z) − log z . (8) Since z in our case is produced by the sigmoid function f given in ↼1↽ this conveniently simpliαes to ∂ ∂z H(z) = −y . (9)

GRADIENT ASCENT IN INFORMATION GAIN The information ΔH gained from observing the output z of the discriminator is ΔH(z) = H(ẑ) − H(z), (10) where ẑ is an estimate of z based on prior knowledge▷ We maximize ΔH(z) by batched gradient ascent in weight space: Δ ⃗w ∝ ⟨ ∂ ∂ ⃗w ΔH(z) ⟩ {∐} = ⟨ ∂z ∂ ⃗w · ∂ ∂z [H(ẑ) − H(z)] ⟩ {^} = ⟨ z (1 − z) ∂y ∂ ⃗w [ ∂ẑ ∂z · ∂ ∂ẑ H(ẑ) − ∂ ∂z H(z) ]⟩ {^} = ⟨ z (1 − z) ⃗x ( y − ∂ẑ ∂z · ŷ )⟩ , ↼11d↽ where estimation of the nodeφs output z has been replaced by that of its net input y▷ Substitution of ↼6↽ into ↼11d↽ yields the binary information gain optimization rule Δ ⃗w ∝ ⟨z (1 − z) ⃗x (y − ŷ)⟩ . (12)

Acknowledgements

We would like to thank Steve Nowlan, Peter Dayan and Rich Zemel for stimulating and helpful discussions. This work was supported by the Offfce of Naval Research and the McDonnell-Pew Center for Cognitive Neuroscience at San Diego.

References Anderson, J. (1972). Logistic discrimination. Biometrika, 59:19ffi35. Anderson, J. and Rosenfeld, E., editors (1988). Neurocomputing: Foundations of Research.

MIT Press, Cambridge.

Becker, S. and Hinton, G. E. (1992). A self-organizing neural network that discovers surfaces in random-dot stereograms. Nature, 355:161ffi163.

Bienenstock, E., Cooper, L., and Munro, P. (1982). Theory for the development of neuron selectivity: Orientation speciffcity and binocular interaction in visual cortex. Journal of Neuroscience, 2. Reprinted in (Anderson and Rosenfeld, 1988).

Intrator, N. (1992). Feature extraction using an unsupervised neural network. Neural Computation, 4(1):98ffi107.

Linsker, R. (1988). Self-organization in a perceptual network. Computer, pages 105ffi117. Munro, P. W. (1992). Visualizations of 2-d hidden unit space. In International Joint Conference on Neural Networks, volume 3, pages 468ffi473, Baltimore 1992. IEEE.

Peterson, G. E. and Barney, H. L. (1952). Control methods used in a study of the vowels.

Journal of the Acoustical Society of America, 24:175ffi184.

Schmidhuber, J. (1992). Learning factorial codes by predictability minimization. Neural Computation, 4(6):863ffi879.

Sejnowski, T. J. (1977). Storing covariance with nonlinearly interacting neurons. Journal of Mathematical Biology, 4:303ffi321.